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Abstract. TheSU(2) Keplerproblemis definedandanalyzed,which isaHamilto-
nian systemreducedfrom theconformalKeplerproblem on T’( R8 — {O }) by the
useof thesymplecticSU(2) action liftedfrom the SU(2) Jell actionon the SU(2)
bundle K8 — {O } — K5 — {O). This reducedsystemhasaparameterp E su(2)
coming from the value of themomentmap associatedwith the symplecticSU(2)
action. lip 0 , thephasespaceof this systemhavea bundlestructure with base
spaceT’( R — (0)) and fibre S2 . The fibre, a (co)adjointorbit through p for
SU(2) , representstheinternaldegreesoffreedom,calledthe isospin,of theparticle
of thissystem.The SU(2) Keplerproblemwith p ~ 0 is theninte.zpretedas de-
scribingthe motionofa classicalparticle with isospin in theNewtonianpotentialp1us
a specificrepulsivepotential togetherwith a Yang-Mills field. This Yang-Mills field
is to be referredto as BPSTYang’s monopolefieldin R5 — {0 } , sinceit become~s
the Belavin-Polyakov-Schwartz-Tyupkininstanton, restrictedon . If p = 0 , the
SU(2) Keplerprblcm reducesto the ordinary Keplerproblem. Like the ordinary
Keplerproblem, the Hamiltonianflows of the SU(2) Keplerproblem ofnegative
energyareall closed.It is shownin an explicit mannerthat the energymanifoldsand
isoenergeticorbit spacesfor the SU( 2) Keplerproblemof negativeenergyareboth
homogeneousmanifoldson which SU(4) actstransitivelyto the flgh4 thosehomo-
geneousmanifoldareclassifiedinto two, accordingas theparameterp is zeroor not.
For a certain valueof p, however~theycontractsto themanifold which represents
the setofall theequilibrium states.The isoenergeticorbit spacesare finally shownto
besymplectomorphicto certainKiriliov-Kostant-Souriaucoadjointorbits for U(4),
if p is not theexceptionalvaluementionedabove.

Kcy-Words: SU(2) bundle,Hamiltbnian C-space,SU(2) Keplerproblem,Isoenergetic
manifold,Isoenergelicorbit space.
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1. INTRODUCTION

The usualKeplerproblenihaslong beenstudiedfrom variouspoints of view. From

the symmetrypoint of view, theauthorarid Uwano[I] definedand analyzedthe MIC

-Kepler prohieni as a generalizationof the Kepler problem, which is defined on the

cotangentbundle T~(K
3 — {O }) equippedwith asymplecticform otherthanthestan-

dard one. In classical theory, the energymanifold for the MIC-Kepler problemof

negativeenergywasshownto betopologicallythesameas the<<regularized>>negativr

energymanifold for the Keplerproblem,and to admit the symmetrygroup SO(4) =

SU(2) x SU(2)/Z
2 . In quantumtheory[2], thenegative-energyeigenspacesfor the

quantizedMIC-Kepler problemprovesto carryall the unitary irreduciblerepresenta-

tionsof SU(2) xSU(2) . lnthisanalysis,theprincipalbundleU(1) —+ K
4 —{O}

— {O }, anextensionof theHopfbundle U( 1) -~ S3 —~ S2 , playedakey role. In

celestialniechanics,themap R4 — {O } —* K3 — {O } is calledthe KS (Kustaanhcimo-

Stiefel) transformation[3], [4].

Cordani 151 pointed out the MIC-Kepler problem is associatedwith the moment

map ~2,2 —÷su(2,2~.

Another generalizationof the Kepler problem is possible if theprincipal bundle

SU(2) —* K8 — {O} —~ K5 — {O}, an extensionof the I-lopf bundle SU(2)

S7 —~ S4 , is used. In this paper,a continuationof thepreviusone [1],the SU(2)
Keplerproblemis definedand analyzedas aclassicalmechanicalsystem.

Like the MIC-Kepler problem,the SU(2) Kepler problemis reducedfrom the

conformal Kepler problem [6] defined on the cotangentbundle T*( JR8 — {O }) , by

using thesympleeticactionlifted from theactionof thestructuregroup SU(2) on the
bundle K8 — {O } —~ K5 — {0 }. As for the reductionof thecotangentbundle TP

with P aprincipal fiber bundle,Montgomery[7] showedwhat phasespacethe T’P

is reducedto, andthat thereducedphasespaceis diffeomorphicto the phasespacethat

Sternbcrg[81 set up for aclassicalparticle in the presenceof a Yang-Mills field. The

presentarticle is hencein partan applicationof Montgomery’s,but hasno concernwith

Wong’s equationwhich Montgomerytreatedin his paperas theequationdescribingthe

motion of theclassicalparticlein the presenceof a Yang-Mills field. The Hamiltonian

to be treatedin this paperis a reducedonefrom thatof theconformalKepler problem.

The main interestof this article will centeron the geometryof the negative-energy

manifolds. Sinceeveryorbit of the SU(2) Keplerproblemof negativeenergyproves

to be closed,andtherebydefinesa fT( 1) action,theisoenergeticorbit spacesarestudied

aswell. The SU(4) symmetrywill play akeyrole in workingout questionsasto what

manifoldsthenegative-energymanifoldandthe isoenergeticorbit spacearediffeomor-

phic to, respectively.

The organizationof this paperis as follows: Section2 is a review of the principal

bundle SU(2) —~ K8 — {O} —÷ — {O} alongwith its naturalconnection.The
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structuregroup is heresupposedto acton K8 — {0 } to theleft.

Section3 is concernedwith the momentmap J : T*(RS — {0 }) —* su(2)* asso-
ciatedwith the lifted action of the structuregroup SU(2) , where su(2) * is the dual
to theLie algebra su(2) of SU(2) . By using J , the reducedphasespaceis formed

andshownto be a fibre bundleover T*( R5 — {0 }) with fibre S2 . This implesthat a
particledescribedby the reducedsystemcarriesinternaldegreesof freedomonthefibre.

In Section4, the SU(2) Keplerproblemis definedby reducingthe Hamiltonian

of the conformalKeplerproblemthroughthe reductionprocedurediscussedin Sec. 3.
This systemdescribesthemotion of aparticlewith internalstructurein thepresenceof

BPST-Yang’smonopolefield [91,[10]alongwith acentrifugalpotentialplustheNew-

tonianpotential. The symplectic form of this systemindeedcontainsthe term that de-
pendsonthecurvatureform, which gives BPST-Yang’smonopolefield on K5 — {0 },

andbecomesthewell-knownBelavin-Polyakov-Schwartz-Tyupkin(BPST) instanton
[10], whenrestrictedon S4

Section5 givesnegative-energymanifoldsof the SU(2) Keplerproblem,which are

describedashomogeneousspaceswith SU(4) ,whcreSU(4) actson T*(R8 —{0})

totheright. ItistobenotedherethatSU(2) and SU(4) actson T*(RS_{0}) to the
left andto the right, respectively,sothat the actionscommuteto eachother. According

asthevalueof themomentmap J is zeroor not, thenegative-energymanifoldproves
to be 5U(4)/SU(2) x SU(2) or SU(4)/U( 1) x SU(2). However, for a certain
valueof J , thenegative-energymanifoldbecomesthecomplexprojectivespace (P3

which is alsoa homogeneousspaceSU(4)/S(U(1) x U(3))

Section6 dealswith the isoenergeticorbit spacesfor the SU(2) Kepler problem.
As will be showneasily, every Hamiltonian flow of the SU(2) Kepler problemof

negativeenergyis closed, sothat one canthink of the spaceof isoenergeticorbits (or
flows). This orbit spaceis alsoexpressibleas a homogeneousspacewith SU(4) . Ac-
cordingas the valueof J is zeroor not, it turns out to be SU(4)/S(U(2) x U(2))

or SU(4)/S(U(1) x U( 1) x U(2)) . Theseare shownto bediffeomorphic,respec-

tively, tothecomplexGrassmannmanifoldof complextwo-planesin (4 andtotheflag
manifoldconsistingof all thepairs (U

1,U2), U1 beinga one-dimensionalsubspaceof
it ~, U~a two-dimensionalsubspacecontaining U1 . Forthespecialvalueof J men-

tioned in Sec. 5, however,the isoenergeticorbit spaceis equalto the negative-energy
manifold,sincetheorbitsof the SU(2) Keplerproblemdefinesthenthe trivial action,

viz., the identity.
In Section7, the isoenergeticorbit spacesdiscussedin Sec.6 will be understoodas

reducedphasespacesassociatedwith the U( 1) x SU(2) left actionon T*L(
8 ,where

U( I) and SU(2) comefrom the closedflows and the structuregroup,respectively.
Thesespacesare then realizedas crmdjoint orbitsof U(4) by applyingthe moment

map F associatedwith the U(4) symmetry,where U(4) right actionisused,instead

of the SU(4) rightactiondiscussedin preceedingsections,for thesakeof convenience.
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The Kirillov-Ko~tant-Souriauform [11] on thecoadjointorbit is showntoberelatedwith

thestandardsymplecticform on TR8 throughthe momentmap F
Section8 hasconcludingremarks,which arcbrokenupinto two. Thefirst partofthis

sectioncontainscomparisonof the SU(2) Keplerproblemwith the Stcmbcrgrecipe

for aclassicalparticle in a Yang-Mills field [8]. In the latterpart, thecoadjointstructure
discussedin Sec. 7 are generalizedto the casewherecommutativeactionsof two Lie

groups, II x K, are givenon a Hamiltonian H x K-space. For H = U(4) and

K = U( I) x SU(2) , part of resultsin Sec.7 comesout.

Appendixcontainsexplicit expressionof settingson theSU(2) bundle K8— {0 }
K5 — {0}

2. TIlE SU(2) BUNDLE K8 — R5

This sectionis a brief review of theprincipal bundle SU(2) ~8 _~ , where
K8 — {0} and K5 — {0 }. Wetreatthe quaternionsI-I in 2 x 2 complex

matrix form andset

I 7x
0+mz1 ~2+~~3\

(2.1) U=~ . J ;x,ER,}=O,...,3 -

~\~2+h13 Zo—211 /

The inner productandan anti-symmetricform on 11-I aredefined, for X, Y E lH, re-

spectively,by

(2.2) (XIY) = ~tr(XY),

(2.3) ~(X,Y) = ~(XY — YX)

wherethesuperscriptasteriskdenotestheHermitianconjugate.Notethat -y takesvalues

in su(
2) , the imaginary part of Fl. For g E SU(2) ,the subspaceof H of unit

modulus,theseformsare subjectto the transformation

(2.4a) (gXjgY) = (XjY)

(2.4b) y(gX,gY)= Ad
9’y(X,Y)

Theinnerproductof su(
2) is defined,for ~, 77 E su(2) ,by

(2.5) =

Further,for ~ E su(2) and X,Y ~ I-I ,onc has

(2.6) (XI~Y)=
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Now considertheproductspace112 . By U2 wedenotethe setof all thepairs (X, Y)

y( (0 , 0). Then ~ ~8 The group SU(2) actsdiagonallyon 112; for g E

SU(2) ,onehas

(2.7) b
9(X,Y)= (gX,gY)

Theprincipalfibre bundle

(2.8) SU(2) 11~ .. 11
2/SU(2)~

is realizedby theprojection

(2.9) ir: (X,Y) i— (2X~Y,detX— detY) E lix R.

Setting

12X*Y= W
(2.10) ( detX — dctY =

onehas

(2.11) IIwM2 = (lzI~+ 1y12)2,

whereX, Y arid W havethecomponents(xj) , (y~)and (w
1) , = 0,... , 3 , respec-

tively, like in (2.1), and

jxV := detX,etc.
5=0

Theexplicit form of will begiven in Appendix.

We now proceedto the naturalconnectionon 142. Let ~ be a vectorin au(2).
Then ~ givesrise to afundamentalvectorfield R~(q),q = (X,Y) E U

2 . At every
point q = (X,Y) the setof R~(q)with ~ E su(2) form theverticalsubspaceofthe

tangentspace T
4(112). The horizontalsubspace[12] is definedto be the orthogonal

complementof theverticalsubspacewith respectto the standardmetric

(2.12) Kg (dXjdX)+ (dYIdY)

For a certainbasis E0,a = 1,2,3 of 8u(2) (see(A.2) in Appendix),we set Fa =

RE (q) . ThenF~areorthogonalto oneanotherwith respectto K. Fortunately,wecan
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extendF0 toanorthogonalsystem{F0,H,},a = l,2,3,j = 0,... ,4 ,ofvectorfields

suchthat at every point q E i-1
2,H

3 form a basisof horizontalsubspaceof T8(1-1
2)

(seeAppendix for the explicit form of F
0 and H5). Forthis orthogonalsystem,one

has

K(F0,F8) = (1112 + 11/12)608, a,b= 1,2,3

(2.13) K(F0,Hk)=0,

K(Hf,Kk) = (1112 + y1
285k. j,k= 0,...,4

Fortheprojection ir given by (2.9),onehas

(2.14) ir.Hs=211w113/8w
5, j=0,...,4

so that the horizontallifts (a/aw5)* of areexpressedas

(2.15) (~~=

1H
5, j=0,...,4

2r

with

(2.16) r = lIwli = 1112 + 1/12

In a dual manner,this connectionis expressedas

(2.17) 21 2((dX,X)+(dY,Y))
‘I + It/I

whichsatisfies,as a connectionform,

(2.18) w(R~(q))=

(2.19) ~çw=Ad9~.

It is to benotedhem that the structuregmup SU(2) actson U
2 to the left.

3. THE REDUCTION OF A PHASE SPACE
2 2

The phasespaceto start with is thecotangentbundle T’i-I 1-1 x Ill , on which

theconformalKeplerproblemwill bedefined. Forthecotangentvector p = (px,Py) E
T;(112) at q = (X,Y) e ~2 ,thc canonicalone-formon T*il~l2 is expressedas

(3.1) O=(p~ldX)+(pyldY)
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which will beabbreviatedto 0 = p~dq , wherethe centerdot denotesthepairing.The

SU(2) actionon 112 lifts naturallyto a symplecticactionon T*i{2

(3.2) cbg(q,p) = (4~
8(q),cI:~9(p))

(3.3) 4~0=9.

For ~ E .su(2) ,we denotethe infinitesimalgeneratorof ~g(t) with g(t) = expt~by

R~(q,p) . Then,by using(2.6),the function 0(R~(q,p)) iswritten outas

(3.4) 0((q,p)) = (‘y(p~,X)+

On identifying .su(2) * with .su(2) by theinnerproduct(2.5),wethenfind themoment
2

map, J : T*1~l —~su(2) as

(3.5) J(q,p) = ‘y(p~,X)+ ‘y(p~,Y)

As animmediateconsequenceof (2.4b) and(3.5), the J is Ad -equivariant;

(3.6) Jo(D9=Ad9J.

Now that the settingis completed,we are to proceedto the reductionof T*11
2 by

the SU(2) action (3.2). According to thereductionrecipe[11], we are to takethe

submanifold J1(p) for ~ E su(2) ,andto form the quotientmanifold J’(p)/G~
by the isotropysubgroup

(3.7) := {g E SU(2);Ad
9~=

Accordingas~0 or ~i=0, G,~isisomorphictoU(l) or SU(2).

To carryout the reductionprogram,we startby defining

N~: = J~(0)
(3.8)

={(q,p0)eT~NwithN=H ;p0.R~(q)0,~Esu(2)},

which canbe identifiedwith thepull-backof the bundle ir : N := 112 —+ M := 1~to

T*M;

N~ N =112

(3.9)
T*M ~ M
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where TM is the natural projection,and i-~ denotesthe restrictionof the naturalpro-
jection TA~ : TN —* N to thesubspaceN1. Following Montgomery[7], one defines

an isomorphism

N1 x su(2)0 —~ TN

of vectorbundlesover N by

(3.10) ((q,p

0),/L) —4 (q,p0+

wherethe connectionform at q is consideredas a linearmap T8( ~2) —> ~( 2)

and as its dual map. From this, the momentummanifold J’(1~) is diffeomorphic

to N
1,

(3.11) J’(p) N1 x {p} ~ N1,

so that for ~i ~ 0 the reducedphasespaceis given by

P~:= J~(~)/C~~ N~/C~
(3.12)

~ N1 Xsu(2) (SU(2)/U( 1))

In the lastisomnorphism,we haveusedthefollowing lemma.

LEMMA 3.1. Let P —> M bea principal C-bundleand C
0 a closessubgroup. Thcn

(3.13) P/C0 ~ P xc~C/C0

.

For ~i = 0 , the reducedphasespacebecomesclearly N
1/SU(2) . This and the

isomorpshim(3.12) imply the following.

THEOREM 3 The reduced phase space P~:= J-’(~)/C~ with ~ ~ 0 isdiffco-

morphic to the fibre bundle with basespaceN1/SU(2) ~ TtM = T*1~S and fibre

SU(2)/U(l) 52 For ~j = 0, the reducedphasespacebecomes N1/SU(2)
T M. Thereduced.cymplcclicform n.>~ will begivenby(4.3) below.

It is to be noted that the fibre ~2 of P~—~ T*M rcprescntesthe internaldegrees
of freedomfor the reducedsystem. We referto this internal degreesof freedomas the

isospin.
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4. The SU(2) KEPLER PROBLEM

As was anticipatedin Introduction,the SU( 2) Keplerproblemis reducedfrom the

conformalKeplerproblemon T~R8by usingthe SU(2) action b . Westartwith the
reductionof the symplecticform dO and thekinetic energyon T~R8, andthendefine

the SU( 2) Keplerproblem.
Let iM: J~(p)~_,T*F12betheinclusionmapforafixed pesu(2).Thenfrom

(3.10) thecanonicalone-form 0 ispulled backto

= (po + w*IL) . dq
(4.1)

= Po . dq + (p~w1),

where w~is thepull-backof the connectionform w on 112 = N through 4 (see

(3.9)),

(4.2) w1 :=

The reducedsymplecticform on = J’(~)/CM is now determinedby

(4.3) dp
0 A dq + (pldwt) = ~

where : J’(p) —~J~(p)/CMisthenaturalprojection.The first term dp0 A dq

in the left-handside,however,canbeviewed as a two-form on the basespace T* M.
This is becausethe form Po . dq is horizontalone-formandinvariantunderthe SU( 2)

action C1 , sothat it canprojectto aone-formon thebasespaceT*M ~ N
8/SU(2).

Thesecondterm (pldw1) indeedprojectsto a two-formon P,~.Thiscanbeverified as
follows: First, we notethat (pIdw~)is G~-inviariant;

(4.4) (pI~bdwt)= (pjdw1) for g e CM.

Second,it is horizontalwith respectto CM = U( 1) , viz., for ~ E u( 1) onehas

(4.5) (pli(ik(q,p))dw1) = 0

where i() denotesthe interiorproduct. Both of (44)and(4.5) areconsequencesof

(4.6) ~I~w1= Ad
9w~ for g E SU(2)

and Ad9p = p for g E CM. Equations(4.4)and(4.5)nowimplythat(pIdw~)projects

to a two-form on P~

(4.7) (pldw
1) = -
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It is thetwo-form that is characteristicof thereducedsymplecticform . In fact,

~ dependson the isospin. To have a closerlook at this, we haveonly to introduce
thecurvatureform f~= ciw — w A w to expressdw1 as dw1 = + , where

(4,~)*Q. Then,the term (p~w1t\w1) projectsto the two-form the restriction

of which to a fibre ~2 of —÷ TM turnsout to bethe canonicalsymplecticform

on the (co)adjointorbit throughp ~ su(2) for SU(2) . In addition,note that the terni

(pl~2~)projectsto a two-form horizontalto a fibre of P~—~ TM. Note also that,

pulled backon tI~roughlocal crosssectionsin E~I2, the ~2 are known to provide
Yang’s monopolefield [9] . Since Q becomesthe BPST instanton,whenrestricted

on S4 , we referto Q as BPST-Yang’s monopolefield.

We now proceedto the reductionof thekinetic energyon T*lE~12. Let denotethemnnerproductonT
8(l-l ) ,dualto K8 on T8(lU ) . DenotingbyK the isoniorphism

of T(U
2) to T

8(i-1
2) ,onehas,for p E T(lH2),

K(p,p) =

twice thekinetic energyon Toil2 - Restrictedon J ‘(p) ,thekinetic energyturnsout,

aftercalculation,to be

(4.8) K;(p
0 +wp,p0 +~~)= K(p0,p0)+

Note that the first term in the right-handsidecanprojectto a functionon thebasespace

T°M,sinceit is horizontaland invariantunderthe SU(2) action. Thesecondterm is,

of course,consideredas a functionon T°M.
We are now in a position to definethe SU(2) Keplerproblem. Let H~be the

Hamiltonianof theconformalKeplerproblemon T*1~l
2,which is given, for (q,p) E

T°U2, by

(4.9) H~=~—K(p,p)—~,

where r = 1112 + 1/12 , and k is a positiveconstant.It is to be noted herethat the

conformalmetric 4 rK is usedto definethekinetic energyand the distance.Then the

reducedFlamiltonian H~on is determinedby i~H~ ir~H~,viz.,

(4.10)

DEFINITION 4.1. The SU(2) Kepler problem is defined as a tr~ple(Pu,aM, 11M~’

where P~with p ~ 0 denotes the fibre bundlegivenin (3.12)and and H~are
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determinedby (4.3) and (4.10),respectively. If p = 0 , the SU(2) Keplerproblem

becomesthestandardKeplerproblemdefinedon T*R5.
To showwhy this system is referredto as the SU( 2) Kepler problem,we are to

expressHM in termsof thecoordinates(wi) , j = 0,. . .4 . From (2.13)and(2.14),we

observethat

(4.lla) K~(ir*dwk)= 2Hk

(4.lIb) K*(lr*dwj,lr*dwk) =4r6)k,
1,k= 0,...,4

Equation(4.lla) implies that 7r*dwk,k = 0,... ,4 ,span the horizontal subspaceof

T(11
2) at everypoint q E ~2 sothattheconditionof (3.8) impliesthat Po isputin

the form

(4.12a) Po >aklrdwk.

Equation(4.llb) thendeterminesthe coefficientsak;

(4.12b) ak = ~_K(po,7r*dwk)

Wewishto showthat ak’s project to thecanonicalmomentumvariableson T~M. With
the conformalmetric 4 rK on ll~I2, onecanassociateametric B on M = R~by

(4.13) Bw(g) ~ =4rK~((a)* (a)*)

where (ô/8w
1)* are thehorizontallifts given by (2.15). In the dualmanner,onehas

(4.14) B(q)(dWj,dWk)= ~_~K;(~*dwJ,~*dwk)

Equations(4. lib) and(4.14)are put togetherto give

(4.15) B~(q)(dWj,dWk)=
6ik’ j,k = 0,... ,4

Thisshowsthat B is equalto the standardflat metricon . Further,from (4.12)and

(4.14), it follows that

(4.16) ~-K(po,7r~dwk) = B:(g)(~,dWk),
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where~ E TI~(q)Mwith ir°~= Po From (4.12)and (4.16), at’s arc takenascanonical

momentum variableson . We then set

(4.17) ~ = : B,~(
8)(~,dwk),, k = 0,... ,4

Now theHamiltonian determinedby (4.10)is put in the form

(4.18) HM=+~-~-(pIp)_~,

whcre r = lIwil (sec (2.16)). Thismeansthat H~is equal to theKeplerHamiltonian

plusa centrifugalpontential (pjp)/8r
2 . Forthesereasons,we havereferredto the re-

ducedsystem (Pu,a~,H~)asthe SU(2) Keplerproblem.In conclusion,we observe
that aM is expressedas

(4.19) aM=~dpjAdwJ+~M.

5. NEGATIVE-ENERGY MANIFOLDS

In this section,we will studynegative-energymanifoldsfor the SU( 2) Keplerprob-

lem. Since the SU(2) Keplerproblemis reducedfrom the conformalKeplerproblem,
we startwith the studyof negative-energymanifoldsfor theconformalKeplerproblem.

Let H betheharmonicoscillatorHamiltonian;

(5.1) H = ~-K;(p,p) +

where ~ is apositive constant,and r = 1112 + 11/12 . Then the HamiltoniansH and

H~arerelatedby

(5.2) 4r(H~+~)=H_4k~

which impliesthat, in 112 x 1~12,thenegative-energymanifold H~~1( _~2/8) for the

conformalKeplerproblem coincideswith theenergymanifold H’(4 k) for thehar-
monic oscillator. Thus, if H’ (4k) doesnot intersect the set {0 } x 112 , thenegative-

energymanifold H~’(—)~2/8)for the SU(2) Keplerproblemcanbeobtainedas the
quotientspaceJ~(p)fl H’(4k)/C~ becauseof iH~= 7r,~HM.
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Wecall f1 (p) nH—1(4 k) theenergy-momentummanifold. From(4.8) and(5.1),

it isdeterminedby

1 1
+

1iiiI
2 + -~-r 4k,

where l~l2= (~I~).Fromthis, onehas

(5.3) rK(p
0,p0) + ~2 (r — 4k)

2 = (4k)2 — p12,

sothat

(5.4) 4k>)~IpI,

wheretheequalityholdsif andonly if

(5.5) Po° r=4k/)~2.

Further,Eq. (5.3) implies that if p ~ 0, then r ~ 0, viz., no collision orbits ex-
ist, so that H~1(—)~2/8) = H~’(4k) exactly. However, if p = 0 ,collision orbits

canoccur. In this case,onehas H~(—)~2/8) = H’(4k) out of {0} x 112 . We
thenunderstandthat the energy-momentummanifold for the conformalKepler prob-
1cm, J~(0) flH~1( _~2/8) ,shouldbe regularizedto be J~(0) flH~(4k) inthe
wholespace ~2 x 112. In what follows, wetake the energy-momentummanifold as
regularizedin 112 x 112 if necessary.

We areto studytheenergy-momentummanifold underthecondition(5.4). Thecase

of 4k > ~‘IpI is dealtwith first, andthe caseof 4k = )~p~is consideredafter.Let us
introducethevariables

(5.6) (xPx÷j~, (~=p~~+i.\Y,

which arevariablesin 111÷jIll ~ M( 2, (t) , thelinearspaceof 2 x 2 complexmatrices.
Then, ~2 xH2 istakentobeM(2, (t) x M(2, (U). Using ~ and (~,wefind an

easybut importantequation

(5.7) ~-((X(~ + (~,(~) = HI — i~J,

whereI is the 2 x 2 identitymatrix. Hence,theenergy-momentummanifold f~( p)

nH—1(4k) is determinedby

(5.8) ~
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It is an easymatterto showthat the left-handside is invariantunder U(4) actionon

M(2, (U) x M(2, (U) to theright, wherethe right U(4) actionis given by

/A B
(5.9) ((~,(}‘) ~-+((~,(~,)

\CD

with A,B,C, and D 2 x 2 complexmatricessubjectto the conditionof U(4) alto-

gether.
Weshow the following.

PROPOSITION5.1. Ontheenergy-momentummanifold f’ (p) flH -‘(4 k) with 4 k>

~ SU(4) actstransitevelytotheright.

Proof Wenote first that underthecondition 4 k > ~ lt~!, the matrix 4kI — i)~pis

a positive-definiteHermitianmatrix, so that thesquareroot Hcrmitian matrix [4 kI —

i)~p]’/2 exists. Let ((~,(~~)be an arbitrary point subject to (5.8). Thenusing the

squareroot matrix, we obtain

[2(4k1 — iAp)]”2(~(~[2(4kI — i~p)]~2
(5.10)

+ 12(4k1 — i~p)]~2(~(~[2(4kI— i~p)]~2= I.

Hence,thematrix

7[2(4kI_i)~p)]~’/2(~ [2(4k1— i)~p)]~/2(~
(5.11) g :=

~li

canbemadeinto a 4 x 4 unitary unimodularmatrix, if 2 x 2 matrices ij, and v~

2

aresuitablychosen.Thus, for g given by (5.11),one has

(5.12) ([2(4kI_i)~p)]V
2,O)g=((~,(y)

which provesthe transitivity of the SU(4) right action. Thisendstheproof.

On Prop. 5.1, weareallowedto treattheenergy-momentummanifold asahomoge-
neousspacewith SU(4) . Forconvenience’sake,wetakethe energy-momentumman-

ifold to be f’(O) fl H~(4k),since f’(p) and f~(0) = Nt are diffeomorphic
becauseof(3.11). Withthis inmind, wewill denotetheenergy-momentummanifold by
N~.In the below,we chooseto usethenotation N~in thecaseof 4k < ~~IpI. Takea
point (v’~I,0) of 4. Thenthe isotropysubgroupof SU(4) atthispoint turnsout

to beisomorphicto SU( 2) . Thuswe havethe following.
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THEOREM5.2. Theenergy-momentummanifoldf~(p)flH’(4k) with 4k > ~
is diffeomoiphic to the homogeneous spaceSU( 4) /SU( 2) , andhenceto thecomplex

Stiefcl manifold, V2 ( (U 4) , of orthonomial two-frames in ~ 4;

(5.13) f’(p) nH~(4k) ~ SU(4)/SU(2)~‘ V2((U
4)

U

Now that theenergy-momentummanifold 4 is found out, we proceedto thequo-
tientspace4/G~ to getthenegative-energymanifold H;’ ~~2 /8) for the SU(2)

Keplerproblem.However,we haveto remarkthat the isa subgroupof thestructure
group SU(2),which actson ~2 x ~2 ~ M(2, (12) to theleft. In fact, from(3.2) and
(5.6),onehas the SU(2) action,for g E SU(2) , in themanner

(5.14) ((~,(~) ‘.~ (g(x’g(y)

Let usherebe remindedthat the SU(4) action(5.9) is to theright.
In whatfollows,wethereforehavetodealwith the SU(2) left actionandthe SU(4)

right actionsimultaneously.To getacquaintedwith the two-sidedaction,wetakeup 4
again,on which,clearly, SU(2) x SU(4) actstransitively.Then,theisotropysubgroup
of SU(2) x SU(4) atapoit (~/~I,0)of 4 is shownto be

(5.15) {(~~(9~ )) ;g,h ~ SU(2)} C SU(2) x SU(4),

whichis isomorphicto SU(2) x SU(2) . Hence,onehas

4 SU(2) x SU(4)/SU(2) x SU(2) ‘~‘ SU(4)/SU(2)

the sameresult as (5.13). Now we are ready to treatthequotientspace4/GM as a

homogeneousspace. We start with the caseof CM = U( 1). Let U( 1) x SU(4)

act transitevelyon 4, andthereforeon N~/U(1). Takea point Po = (V’~I,0)
of 4. We denoteby [p

0] the equivalenceclassof p0 , a pointof N~/U(1) . In a
similarmethodto (5.15),theisotropysubgroupof U( 1) x SU(4) at [PoI turnsoutto
beisomorphicto U(1) x SU(2) ,sothat

N~/U(l)~ U(1) x SU(4)/U(l) x U(1) x SU(2)

~SU(4)/U(l) x SU(2) -

Thusweobtainthefollowing.
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THEOREM 5.3. The negative-energymanifold H;’(—~2/8) with 4k > ~l~land

p ~ 0 for the SU(2) Kepler problem is ahomogeneousspacewith SU(4);

(5.16) H~(—~2/8)~SU(4)/,U(l) xSU(2) .

In caseof p = 0, CM is equal to SU(2) , so that the quotientspace N~/SU(2)

givesthe <<regularized>>negative-energymanifold JJ~~_~2/8) ,wheretheovcrbardc-
notesthe regularization,whichwe havehereto mention.As was statedin theparagraph

afterEq. (5.5), regularizationhasbeenmadefor the energy-momentummanifold 4
in thecaseof p = 0 , sothat the N~/SU(2)should be takenalsoas regularizd. We
continueto discuss N~/SU(2)asahomogeneousspace.Let SU(2) x SU(4) acton

4 in the two-sidedmanner,andthereforeon thequotientspaceN~/SU(2)- Then, in

thesaniemanneras in thecaseof p ~ 0 , it tunrs out that

N~/SU(2) SU(2) x SU(4)/SU(2)x SU(2) x SU(2)

SU(4)/SU(2)x SU(2)
(5.17)

Spin(6)/Spin(4)

SO(6)/SO(4) V
2(R

6),

where V
2(R

6) is the realStiefelmanifoldoforthonormaltwo-framesin R6 . Thuswe
havethe following.

PROPOSITION5.4. The regularized negati ye-energy manifold pj~t ~2 /8) , theover-

bar denoting the regularization,for the SU(2) Keplerproblemwith p = 0 (i.e., the

usualKeplerproblem)is diffeomorphicto ahomogeneousmanifold;

(5.18) H~‘(A2/8) ~ SU(4)/SU(2)x SU(2) ~ V
2(R

6)

U

Wenotice here that, for the usual Keplerproblemin n dimensions,the regularized

negative-energymanifold is known to be diffeomorphic to the unit spherebundleover
5’~[131,andhenceto the Stiefel manifold V

2(R’~’) of orthonormaltwo-framesin
Since, in the caseof p = 0 , the SU(2) Keplerproblem becomesthe usual

Keplerproblemon T°E
5,Prop.5.4 is a specialcaseof the known result.

So far, wehaveconsideredtwo quotientspacesN~/U(1) and N~/SU(2)- Now,
in an analogousfashionto (3.13),we relatethesetwo spaceasfollows:

(5.19) N~/U(1) 4 Xsu(2) (SU(2)/U( I)),
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which implesthat N~/U(1) hasafibrebundlestructurewithbasespaceN~/SU(2) ~
V2(R

6) and fibre SU(2)/U(1) ~ S2 . Therefore,Th. 5.3 andProp. 5.4 are put

togetherto imply the following.

PROPOSITION5.5. Thenegative-energymanifoldH;’( _)~2/8)with 4k > ~~IpIand
p ~10 hasa fibre bundlestructure withbasespaceV

2 ( R
6) andfibre S2.

In therestof this section,we treat the caseof 4k = )~Ip~.As was shown in (5.5),

this caseoccursif and only if Po = 0 and r = 1112 + 11/12 = 4 k/)~. Hence,from
(3.10),weobtain thesectionin T*i~I2

(5.20) {(q,wp); q = (X,Y),(XIX) + (YIY) = 4k/)<2}

which is diffeomorphicto the round sphere 1112 + 11/12 = 4 k/)<2 in 142 ~ ~8 Thus

wehavethe follwoing.

PROPOSITION5.6. Theenergy-momentummanifold J’(p) fl H~(4k) with 4k =

~I~Iis diffeomorphicto thesphereS7.
U

The condition 4k = ~~Iplmeansthat p ~ 0, so that = U( 1). Hencethe
negative-energymanifold H;’(_)~2/8) is obtainedas the quotiensspace f~(p) fl

H’(4 k)/U( 1) , which is equalto S7/U( 1) ‘�‘ (UP3 , thecomplexprojectivespace,
being known to be describedas a homogeneousspacewith SU(4) (seealso Th. 7.3
in Sec. 7). Further, from (4.12a)and (4.17), the condition Po = 0 implies that ~k =

0, k = 0,... ,4 ,sothatthe(P3 representsthesetofequilibriumstatesfortheSU(2)
Keplerproblem.Thus wehavethe following.

THEOREM 5.7. If 4k = ~ thenegative-energymanifold H;’( _~2/8) becomes

thecomplexprojectivespace(UP3, whichrepresentsthesetofequilibriumstates. •

6. ISOENERGETIC ORBIT SPACES

We returnto Eq. (5.2). From this the Hamiltonianvectorfields X
11 and XH are

related,on theenergymanifold H’(4k) = H~’(—)~
2/8),by

(6.1) XH—4rXH.

This impliesthat the folw of XH coincideswith that of XH within a changeof pa-
rameters.Thus we are allowedto treatthe flow of XH insteadof that of XH. As is
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showneasily,the harmonicoscillatorflows provide the U( 1) action on M(2, (12) x

M(2, (U),

I.’. ‘)\ ft t \ ~ ,\t,~ i\t/
~ ~—+~ ~

Thisaction,of course,inducesa U( I) actionon theenergy-momentummanifold, since

J and H arc invariant under(6.2). Moreover,the action (6.2) is commutativewith
the SU(2) action (5.14), sothat the induced U( I) action on the energy-momen’in
manifoldprojectsto anactiononthequotientspace4/Ca , viz.,onthenegative-energy

manifold H~(—)~2/8). Thusweconcludethe follwoing, in thecaseof4k> ~lpI.

PROPOSITION6.1. All theorbitsofthe SU(2) Keplerproblemofnegativeenergywith

4 k > ~ arc closed, andprovidesa U (1) action on thenegative-energymanifold
N~/U(1) or N~/SU(2)accordingas p ~‘ 0 or p = 0 . U

The isoenergeticorbit spacesof the SU(2) Keplerproblem with 4k > )~p(are
then given by N~/U(1)x U(l) or N~/SU(2)x U(l) ,accordingas p ~t’ 0 or

Wewishto studytheseorbitspacesashomogeneousspaces.Let uspick up N~/U(I)

x U( I) first. Thetwo-sidedtransitiveactionof U( I) x U( I) x SU(4) on 4 induces

anactionon thequotientspace N~/U(1) x U( 1) . Takea point Po = ~ 0) of

4 and denoteby [po] the projectedpoint on N~/U(I) x U( 1) . Thentheisotropy
subgroupof U( 1) x U( 1) x SU(4) is found to be isomorphicto U( I) x U( 1) x

S(U(I) xU( I) xU(2)) ,whereS(U( 1) xU( 1) xU(2)) isthesubgroupofSU(4)

which is expressedas

I e’~°g(t)0~( 0 h)0E~ CSU(2), hEU(2)~flSU(4).

Thenit follows that

N~/U(l)xU(l)~U(l) xU(l) xSU(4)/U(l)x

U(l) xS(U(l) xU(l) xU(2))
(6.3)

~SU(4)/S(U(1) x U(1) x U(2))

~F
12((U

4),

where F,
2( (U 4) denotesthe complex flag manifold of the pairs (U,, U2) with U,

a one-dimensionallinear subspaceof (4 and U2 a two-dimensionallinearsubspace
containingU, - Thuswe havethefollowing.
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THEOREM6.2. Theisoenergcticorbit spacefor the SU(2) Keplerproblemofnegative
energywith 4 k > )~~pI and p ~‘ 0 is a homogeneous manifold SU( 4) /S( U( 1) x

U( 1) x U( 2)) , and diffeomorphictothecomplexflagmanifold, F,2( (U 4) , consisting
ofall thepairs (U1, U2) with U, a one-dimensionallinear subspaccof (4 and U2

a two-dimensionallinear subspacecontainingU,. U

For p = 0 , the isoenergeticorbit spaceis given,in asimilarmannertotheabove,as

follows:

N~/SU(2)x U(1) ~‘SU(2) x U(1) x SU(4)/SU(2)x

U(1) x S(U(2) x U(2))
(6.4)

~‘SU(4)/S(U(2) x U(2))

where C2( (U 4) denotesthecomplexGrassmannmanifoldof complextwo-planesin
(4 - Theproofiseasytocarryout. Theisomorphisms(6.4) thenresultin the following.

PROPOSITION6.3. Theisocncrgeticorbit spacefor the SU(2) Keplerproblemofneg-
ativeenergywith p = 0 (i.e., theusualKeplerproblem)isa homogeneousmanifold

SU( 4) /S( U( 2) x U(2)), and diffeomorphicto the complexGrassmarinmanifold

C2 ( (U 4) ,ofcomplextwo-planesin (U ~ .

Thesetwo orbit spacesobtainedabovearerelated,on usingLemma3.1,by

N~/U(l)x U(1)
(6.5)

4 ~ (SU(2) x U(1)/U(l) x U(l)).

Thisand (6.4) imply the following.

PROPOSITION6.4. The isoenergeticorbit space, F,,2( (4), for the SU(2) Kepler

problemofnegativeenergywith 4 k > )~l~I and p ~ 0 hasa fibre bundlestructure
with basespaceC2((U

4) andfibre ~2 •

In conclusion,we considerthe isoenergeticorbit spacein the caseof 4k = ~~IpI.
As isknown form Th. 5.7, the orbitsof the SU(2) Keplerproblemare all equilibrium
points,sothat theorbit spacecoincideswith the negative-energymanifold itself.

THEOREM 6.5. In thecaseof 4k = ~ the isoenergeticorbit spacefor the SU(2)
Keplerproblemisequalto thenegative-energymanifold (P3. .
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7. COAI).JOINf STRUCTURE

In the last sectionwe have obtained the isoenergeticorbit spacesfor the SU(2)
Keplerproblemof negativeenergy.From the reductionpoint of view, the isoenergetic

orbit spaces,4/U( I) x U( 1) and N~/SU(2)x U( 1) , canbe viewedas reduced
phaseSpacesassociatedwith the U( 1) x SU(2) action,whichis definedby (5.14) and
(6.2). Equation(5.7),in fact, givesthemomentmap associatedwith the U( 1) x SU(2)

action. We show this observationbelow. Take the variables ~ introducedin

(5.6). Then the canonicalsymplecticform, do,giventhrough(3.1) is expressedas

(7.1) dO = ~tr( ~ A d(~+ d(~A d~).

We set

(7.2) 0 = ~tr((~d(~ +

which is cohomologous to 0; dO = dO

Set,for g E U(1) x SU(2) , a coveringgroupof U(2) ,and(=

(7.3) ~(~) = (g~x,g(y)

Thenonehas bg*O = 0. For ~ ~ u(2) ~ u(l) ~su(2) ,wedenotetheinfinitesimal

generatorof exp t~on T := M(2, 02) x M(2, (12) by ~~((). Thenthefunction

arewritten out to provide

(7.4) e(e~)

where (I) is the innerproductdefinedon u(2) in thesamemanneras (2.5),andthereby

u(2)* and u(2) are identified,and further

(7.5) J(() = i((~ +

Thusonehas the momentummap J : T —> u(2) - HenceEq. (5.7) is put in the form

(7.6) J(() = 2(iHI+ ~J),

so that the energy-momentummanifold 4 = J’(p) fl H’(4k) is expressedas
f’(

1T~) with ~ := 2(4k~+),p).Moreover,itisclearthat.1 isadjoint-equivariantfor
the U( 1) x SU(2) action;

J(g() Ad9J(() for g E U(l) x SU(2).
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For j~= 2(4ik+ )~p)E u(l) i~su(2) ,theisotropysubgroupG1~,of U(l) x SU(2)

actingon u(2) provesto beisomorphicwith U( 1) x SU( 2) or U( 1) x U( 1) , accord-
ing as p = 0 or p f 0. Hence,the reducedphasespaceJ’(~)/G~turnsout to be

identicalwith the isoenergeticorbit space,N~/U(1) x U( 1) or N~/U(1) x SU(2)

We wish to show in this sectionthat those spacesare realizedas coadjointorbits of

U(4).
Now weturn to the U(4) right action (5.9). For (= ((~~(~‘)and h E U(4) ,we

denotethe right actionby

(7.7) Dh(() =

Then, one easily observesthat 0 is invariantunder Dh, h E U(4); D~8= 8 . For

h(t) = exp(—tn), t~E u(
4) , we denoteby T1T , the infinitesimalgeneratorof

on T= M(2, 02) x M(2, (U). Wenow set

(a ~3\
71t

\‘y 8/

where a,f3, ‘y, 6 are 2 x 2 complexmatricessubjectto the conditionof u( 4) alto-
gether.Thenthe function 8(~~T)turnsout, aftercalculationalongwith (7.2),to be

I (a I~’\ 1.((~(x (~(~\~\*
(7.8) 8(~T) = —tr I I ‘I

4)~ \‘y 61 ‘\ ~ (*(~

Thisprovidesuswith themomentmapassociatedwith the U( 4) rightactionasfollows:

definetheinnerproducton u(4) by

(7.9) (~I~)= ~tr(~), ~ E u(4),

andtherebyidentify u(4) with u(4) - ThenEq. (7.8) is put in the form

=

where

(7.10) F(~= ~ ~~‘) = 2 (~)(( , (f).

Thuswehavefoundthe momentmap F : T —‘ u(4) expressedas(7.10). Thefollow-

ing is easyto prove.
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LEMMA 7.1. The momentmaps, j and F, associated with the U(1) x SU(2) left

the U( 4) nb’ht actionsarc subjectto

(7.11) ~J=Ad9J, D~J=J,

(7.12) ~F=F, D~F=AdhF,

forgEU(1)xSU(2) andh~U(4). .

Now that we havecompletedthe setting-up,we proceedto describethe isoenergetic
orbit spaces, obtained in Sec.6, ascoadjointorbitsof U(4) - Westart with theenergy-
momentummanifold J~’(p)fl H’(4k) with 4k > ~pl. From Prop. 5.1 along

with (5.12),onehas

(7.13) J’(p) flH~’(4k) = {(0h; hE U(4)},

where

(7.14) = (i~4~i~i~p)J”
2,o)

Then, on using(7.11)and (7.13), ittumsoutthat F(J’(p) OH ‘(4k)) is a(co)ad-

joint orbit through F(çT
0) in p(

4)~~ u(4) . By thedefinition (7.10) of F together
with (7.14), F((

0) takesthe form

/4k1—i).p 0
(7.15) F((0) = 4~(\ 0 0

Incidentally, the eigcnvaluesof the Hermitianmatrix 4k1 — i)..p are 4k — ~ and

4k + ~Ii-~, sothat, afterthediagonahizationof 4 kI — i)~p, this (co)adjointorbit canbe
describedas

{Adh7~hEU(4)},

where

4k—)~~pI 0 0 0

0 4k—~pl 0 0
(7.16) i~ =4i

0 0 0 0

0 0 0 0

According as p = 0 or p ~ 0 , the isotropysubgroupof U(4) at rj.,~E u(
4) canbe

showntobeisomorphicto U(2) x U(2) or U(1) x U(I) >< U(2) . Thus we have the

following.
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THEOREM 7.2. The imageof the energy-momentummanifold Jt (p) fl H-’ (4k)

with 4k> )~p~underthemomentmap F associatedwith the U(4) right action isa
(co)adjointorbit of U( 4) , whicisdiffeomorphicto U( 4) /U( 2) x U( 2) ~ C

2( ~
theGrassmannmanifold,orU(4)/U(1)x U(1) xU(2) ~‘F,2((U

4),theflagman-

ifold, accordingas p = 0 or p ~ 0. Theseare diffeomorphicto the isoenergeticorbit
spacesgivenin Prop. 63and Th. 6.2, respectively. U

In thecaseof 4k = ~~IpI, wehaveto go to an alternativemethod.Let

U

110+iI,, U212+213,

(7.17)
v!=vo+iy,, v2—_y2+iy3,

and

(7.18) u = (u,,u2), v = (v,,v2)

row vectors.Wetake (4 tobethesetofpairs(u,v) .Then U(4) actson (4 to the
right, naturally. Wenow definea u(4)-valued functionby

(7.19) F0(u,v) = i ( ) (u,v)
\v* /

Then, for the right U( 4) action, F0 is subjectto the transformation

(7.20) F0 ((u,v)g’) = gF0(u,v)g~, g E U(4)

Now we returnto the spherestatedin Prop. 5.6. The ~7 is realizedas 1u1
2 + 1v12 =

4k/)~2,where uI2 = IuiI2-~-Iu
2I

2,etc.,onwhichU(4) actstransitevelytotheright.
Fix a point Po of S1 with p ((4k/)~2)’/2,0)and v = 0 . Then

4k/)~2 0 0 0

0 000
0 0 0 0

~0 0 0 0

Hencethe imageof S7 underthe map F
0 is put in the form

(7.21) {Adg~o; g E U(4)}

a (co)adjointorbit. Theisotropysubgroupof U(4) at ~ is U( 1) x U( 3) , andthere-
fore the (co)adjointorbit is diffeomorphicto U(4)/U(1) x U(3) ~ (UP

3. Thus we
realizethe orbit spacestatedin Th. 6.3 as a(co)adjointorbit of U(4) -
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PROPOSITION 7.3. The isocncrgcticorbit spacefor the SU(2) Keplerproblem with

4 k = p~isalsorealizedasa (co)adjointorbitsof U( 4) .

In conclusion,we show in thecaseof 4k > ~ that the Kirillov-Kostant-Souriau
form ~ on the (co)adjointorbit of U(4) is relatedwith the standardsymplectic form

dO on

PROPOSITION7.4. Let be the inclusion map of the energy-momentum manifold

J’(p)flH’(4k) with 4k> >~~pItothepha.sespaceT = M(2, (U) x M(2, 0).
Then thestandardsymplecticfomi dO on T isrelatedto the Kirillov-Kostant-Soriau
form ~ on respective(‘co.)adjoinl orbits in u( 4) , throughthemomentmap (7.10),by

(7.22) 2k MdO =

Proof Let i~and ~ be a vectorin u(4) and theinfinitesimal generatoron T.
Thenunderthcmapping F: T —÷ u(4) ,one has

(7.23) ~ = ~1t~(4)

where ~7~(4) isthe infinitesimalgeneratoroftheadjointactionof exp tij on u(4) . The
Kirillov-Kostant-Souriauform ~ on the (co)adjointorbit through v is now definedfor

and ~~(4) , by

(7.24) ~ ~ = (ul [u]).

We are readyto prove(7.22). Let nT and ~T be infinitesimal generators,which are
tangentvectorsateachpoint ( to theenergy-momentummanifold J ‘(p) flH ‘(4k)

Thenfrom (7.1) and (7.9) it follows that

(7.25) dO((nT,~T)=

Thusonehas,from (7.23)-(7.25),

dO((nT,~T)=

Since U(4) istransitiveon theenergy-momentummanifold, nT and eT canrepresent

all the tangentvectorsat ( to theenergy-momentummanifold. Thisendsthe proof. •
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8. CONCLUDING REMARKS

S. Sternberggavea recipefor describingthemotionof aclassicalparticlein a Yang-

Mills field [8], [14] in associationwith a principal bundle C —* P —.+ M withstructure
group C, C being consideredas the internalsymmetrygroup for the classicalparticle.

A. Weinstein [15] showedthat the Sternbergphasespacecan beobtainedby reduc-
ing the symplecticmanifold TP x Q, Q being a Hamiltonian C-space,throughthe

Weinstein-Marsdenreductionprocedureassociatedwith the C action.
R. Montgomery [7] provedthat the Stembergsymplecticmanifold is diffeomor-

phic with the reducedphasespace J’(p)/C~ of the standardsymplecticmanifold

(TP, ap) , where P is supposedto be given a connectionform, J : T*P .. g~is

the momentmap associatedwith the C action,and CM is the isotropysubgroupof C
at apoint p of g~.

In the presentpaper,we havedealt with the caseof P = R
8, M = , and

C = SU(2) - Thusthe SU(2) Keplerproblemis a Hamiltoniansystemfor a classical
particlein a Yang-Mills field in the senseof Stemberg,while theYang-Mills field in our

case is not definedon S4 , buton , which field should be called BPST-Yang’s
monopolefield [9], [10], definedon R5 as a generalizationof Dirac’s monopolefield
on

The motion of a classicalparticleassociatedwith the principal bundle SU(2) —~

—~S4 wasdiscussedby Duval andHorváthy [16]andby Guillemin andUribe[17].
In the restof this section,we show afterM. Kummer [18], [19] that thecoadjoint

structurediscussedin the preceedingsectionmaybe generalized.

PROPOSITION8.1. Let (M, w) be a Harniltonian C = H x K-space, where w is

a symplectictwo-form, and H and K are connectedLie groups. Let 14JH +

M —~h” ~ k * be theequivariantmomentmapsassociatedwith the H x K action,

where h and k are Lie algebrasof H and K, respectively,and h and k are

their duals. Assumethat p E k is a regular value of ~K’ and the reducedphase
space iI~~’ (p)/K~ is a manifold, where K~is the isotropysubgroupof K at p..
Assume further that H x KM acts transitivelyon ~‘(p). Then ~H(~’(P)) is a

coadjoint orbit C) of H, and I,bH : ~ (p) —~ C) projectsto the quotientto define
a symplecticcoveringmap 1,bH : ~ ( p) / KM —~ 0, where 0 is consideredas a
symplccticmanifoldequippedwith thO Kirillov-Kostant-Souriauform.

Proof Since Kummerdid not give a completeproof, we herepresenta proof in

brief. For ~ E h , we denoteby ~M the infinitesimal generatorof the one-parameter

group exp t~acting on M. Thenthe assumptionof 1-lamiltonian C-spaceprovides

the momentmap i~ alongwith

(8.1) j(~M)W = —(d~
11,~)
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where i() and (,) denotetheinterior productand thepairing of h * and h , respec-

tively. The equivarianceof themomentmap i~ + 1~)K : M —+ h ~ k * impliesthat,

for hEH, kEK,and pEM,

(8.2) i,b11(hp) = Ad~1,bH(p), ~H(.kP) = 1I.’~(p)

(8.3) ‘1’K(~P) ~k(p), 1,hK(kP) = Ad~i,bK(p)

The transitivity of the H x KM action on lb~(p) thenresultsin that 1)H( ~ (p)) is

a coadjoint orbit 0 of H in h

Considerthereducedphasespace

‘(p.) —9

and definethe map

1l)H : ~
1(p)/K~ —+0

by

(8.4) ‘1~~([p])= 1,bH(P)

where[p] denotes the equivalence classof p E ~~p) ,apointof ~‘(p)/K~. The

~/-‘His well defined, of couse. The differential b~~(= d~H)of ~ thenprovides

(8.5) i,bj~~( M(P)]) = ~h.(hI)H(P))

where [~M(P)] := 7rM~~M(p), a tangentvectorat [p] , and ~h is the infinitesimal

generatorof thecoadjointactionof expt~on h~. AccordingtotheWeinstein-Marsden
reductiontheory [11],on the reducedphasespace,thereis auniquesymplecticform a

determinedby ,n,~a= i~w, where : ~~1(p) —+ M is the inclusionmap. Hence,
from (8.1) and(8.2), it turns outthat

(86) a([~~(p)],[q~(p)])= —(~H.([~M(P)]),~>

Now supposethat 1~H~([nM(p)J)= 0 for some [‘q~(p)]. Then, from (8.6), for

every ~ E h , one has a([~u(p)],[’q~(p)]) = 0. Since H acts transitively on

~(p)/K,~, [~M(P)]’~ span the tangentspaceto ~b~’(p)/K~ at [p] . The non-
degeneracyof a then meansthat [,~(p)] = 0 . Hence ~‘H. is injective. Equation
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(8.6) also implies that ~ is a symplectic map. In fact, since theKirillov-Kostant-

Souriauform ~con 0 through IJJH(P) is defined by

(8.7) h.(~H(p)),nh.(~H(p)))= —(~H(p),[~,n]>,

Equations(8.5)-(8.7)resultin

a([~M(p)],[nM(p)I) =~.~([eM(P)],[~M(P)])

Since [eM(P)]’~ spansthetangentspaceat every point [p] ,onehas a = ~ This

endstheproof.

Forthe coadjointstructurewe havestudiedin Sec. 7, we set H = U(4), K =

U(l) xSU(2),and M= M(2,() xM(2,().Thetransitivityofthe H actionon
~~1(p.) is assuredby Prop. 5.1. HenceProp. 8.1 guaranteesthat iI~(p)/K~(i.e.,

N~/U(1) x U( 1) or N~/SU(2) x U( 1)) is asymplecticcoveringof acoadjointorbit.
Our conclusionmadein Sec.7 saysthat the symplectic coveringmap is a symplectic

diffeomorphismin that case.
8 .5

It seemslikely that the SU(2) bundle R ~ R is applicablefor analyzingthe
quantizedSU(2) Keplerproblem. In fact,M. Kibler [20]useditto evaluatethe nega-

tive eigenvaluesfor thequantizedKeplerproblemin five dimensions,which isa special
caseof thequantizedSU(2) Keplerproblem.

APPENDIX

Equation(2.10) is written out to give

= 2(x
0y0 + + + z3y3),

w1 =

2(x
0y1 — ~lYO+ —

(A.1) = 2(x0y2 — X2!./0 + 131/1 —

w3 = 2(111/2 — 121/I + 101/3 — 131/0),

W4 = I~ +X~+x~+ 1~ ~2 —~ _~ _~

we takeabasisof .su(2) as

(A.2) E, = (i ~ ,E2 = (0 _l) ,E3 = ~ ~)
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Theorthogonalsystem Fa, H, of vector fields on j~~2is given componentwise as fol-

lows:

F1 F2 F3 H0 H, H2 H3 H4

a/axe 1, —12 13 ho 1/, 112 hi~ To
8/Ox, 10 —13 —12 Y~ Yo 113 1)2 11

8/812 13 1~ ~1 112 Y3 Yo Yi 12

(A.3) 0/813 ~X2 1, —10 1/3 Y2 1/i Yo ‘3

8/8y~ Y, 1h 1/3 ‘~ 1, 1~ 13 Yo

8/Oy, 1/0 Y~ 1/2 ~1 1~ 13 —12 —I/i

8/81/2 1/3 ho hi~ 12 —13 10 1~ 1/2

8/81/3 —1/2 1/, Yo 13 ~2 ~I ‘~ —1/3
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